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Abstract  
By analogy with t h e   r e s u l t s  of a higher order continuum theory, 
exp l i c i t  d i spe r s ion  r e l a t ions  gove rn ing  the  lowes t  and next higher 
modes of  propagat ion of  plane,  longi tudinal  waves i n  an unbounded, 
elastic pa r t i cu la t e  compos i t e  so l id  are o b t a i n e d  i n  terms of t h e  
relative proper t ies  of  the  cons t i tuent  materials. The corresponding 
r a t io  o f  g roup  ve loc i ty  to  phase  ve loc i ty  i s  l ikewise evaluated.  
These and f u r t h e r  r e l a t i o n s h i p s  v a l i d  f o r  a s p e c i a l  case are exhib i ted  
graphica l ly .  
iii 
In t roduc t ion  
On the microscale ,  a l l  materials e x h i b i t . a  s t r u c t u r e  the in f luence  
of which is revealed in  the course of  deformation processes  of  a 
comparable scale. This is t h e  case for  composi te  materials a l s o ,  t h e  
primary structure of which, however, comes i n t o  p l a y  a t  a r e l a t i v e l y  
l a r g e r  scale of deformation. For such  inhomogeneous materials, when t h e  
wavelength of the deformation approaches the characterist ic dimension of 
the  he te rogenei ty ,  the  classical theory of homogeneous continua cannot 
p red ic t  ce r t a in  obse rvab le  phenomena, such as d i s p e r s i v e  wave propagation 
and higher modes of motion,  that  are expected to  occur .  A continuum model 
l ead ing  to  d i spe r s ive  wave propagat ion  in  an  unbounded elastic s o l i d  is 
knovm to  r equ i r e  the  cons ide ra t ion  o f  h ighe r  o rde r  t e rms  i n  the  lagrangian  
dens i ty  of  the  so l id .  Accord ingly ,  one  would a n t i c i p a t e  t h e  h i g h e r  o r d e r  
continuum theory of Eringen and Suhubi [1,2]  and of Mindlin [3]  t o  supp ly  
a s u f f i c i e n t l y  g e n e r a l  framework f o r  t h e  s t u d y  of t h e  dynamics of composite 
s o l i d s ,  s i n c e  it ef fec t ive ly  ex tends  the  scope  of  cont inuum phys ics  to  
include such wave phenomena. T h a t  t h i s  is indeed the case is  shotm i n  t h e  
p re sen t  work f o r  a par t icu la te  composi te  material. S imi la r  s tud ies  of  
laminated and fiber-reinforced composite materials are due t o  Herrmann and 
Achenbach [ 4 ] .  
The r e s u l t s  are o f  p r a c t i c a l  i n t e r e s t  i n  c o n n e c t i o n  w i t h  c u r r e n t  
a t tempts  a t  c o n t r o l l i n g  t h e  dynamic response of materials, and a t  d e t e c t i n g  
t h e  p r o p e r t i e s  o f  a heterogeneous material from i ts  re sponse  to  dynamic 
loads.  
1. The S t r a i n  Energy 
Consider an unbounded, ttio-phase, particulate composite material 
i n   t h e  form of a connected medium surrounding numerous, uniformly 
dis t r ibuted,  discrete  micro- inclusions each having a f i n i t e  volume. 
Both phases consist  of a homogeneous, l i n e a r l y  e las t ic  and phys ica l ly  
i s o t r o p i c ,  s o l i d  material undergoing small deformations. 
Throughout t h i s  work, l a t i n  i n d i c e s  r a n g i n g  o v e r  1, 2 ,  3 denote 
components relative to  r ec t angu la r  Ca r t e s i an  axes and should be summed 
ove r  th i s  r ange  when r epea ted ;  a l so ,  quan t i t i e s  w i th  a superposed prime 
and b a r  r e f e r  t o  t h e  i n c l u s i o n  and surrounding materials, r e spec t ive ly .  
The c e n t r o i d a l  p o s i t i o n  x of the micro- inclusion ct a t  time t is 
( 4  
i 
denoted  by x . i 
The s t r a i n  E '  a t  a po in t  i n  the  mic ro - inc lus ion  ct is taken as 
i j  
where 
e E and y are t h e  strain measures  of  Suhubi  and  Eringen [2, eqs. 3 . 4 1 ,  
ijy ijy i j k  
x' is t h e  p o s i t i o n  of a po in t  i n  the  mic ro - inc lus ion  a relative t o  i t s  i 
X , and k' i s  a small, constant  parameter.  i 
The s t r a i n  e n e r g y  d e n s i t y  T.J f o r  t he  mic ro - inc lus ion  ct is taken as 
2 
where A' and p' + u '  are t h e  Lam6 cons t an t s  o f  t he  inc lus ion 'ma te r i a l ,  
t h e  c l a s s i c a l  s h e a r  modulus  of  which is, t h e r e f o r s p '  + u'. The t o t a l  
s t r a in  ene rgy  P for  the  micro- inc lus ion  a is then 
where 
J (a) i x' dv = 0, 
V' 
d 107 and Wij are funct idns  of  e i j 9  E ijY YijkY A ' ,  p', u ' ,  and k ' ,  and 
J (a) dv denotes  an integrat ion with respect to  x '  ove r  t he  volume  v' V' i 
of  the  micro-inclusion a, the  second moment J' of  which, relative t o  
cen t ro ida l  axes ,  i s  a source of s t ruc tura l  an iso t ropy  depending  on  the  
shape and or ientat ion of the micro-inclusion. 
i j  
I f  n denotes  the  number of micro- inclusions in  the composi te  body 
B,  t h e n  t h e  t o t a l  s t r a i n  e n e r g y  W' due t o  t h e  i n c l u s i o n  material is 
where 
= a'I Pdv , 
B 
V' n a' f EL , 17' f 7 , V' = C v' ('), V = ,f dv, 
a=l B 
3 
V' and q' are r e s p e c t i v e l y  t h e  t o t a l  volume and the phase volume f r a c t i o n  
of  the  inc lus ion  material, I dv denotes .  an integrat ion with respect  to  
B 
x over  the  volume V of the composite body,  and x is  now t h e  p o s i t i o n  of a 
po in t  i n  the  compos i t e  body which, following the operation (8), is  
approximately represented by a continuum model. 
i i 
For the material surrounding the micro- inclusions,  the s t ra in  energy 
dens i ty  W, a t  a po in t  x is taken as 
i' 
1 -  14 = X eiiej + ~ . l  eijeij , 
where X and are t h e  Lam6 cons tan ts   o f   the  material, The t o t a l  s t r a i n  
energy 2 due t o   t h i s  material i s  then 
- 
d 
W = Wdv, 
B 
where 
i s  the phase volume f r a c t i o n  of t h e  material. 
Summing t h e  c o n t r i b u t i o n s  of t h e  i n c l u s i o n  and surrounding materials, 
the  to t a l  s t r a in  ene rgy  o f  t he  compos i t e  body is  w r i t t e n  as 
W' + = I w d v ,  
B 




2 ii j j  ii j j  
W E - X'e e + (11' .+  o')eijeji  + 2k ' [y  X'e E 
+ (11' + o')eijEjil + kf2(y 1 X ' E ~ ~ E ~ ~  + ~ ' E ~ ~ E ~ ~  + O ' E  i j  E j i  ) (16 
and W given by equat ion (10). 
For small deformat ions ,  the  s t ra in  measures  appear ing  in  the  express ions  
(10) , (16), and (17) are r e l a t ed  to  the  d i sp lacemen t s  ui (xi,t) and t h e  
h ighe r  o rde r  k inemat i ca l  va r i ab le s  $ . . (x i , t )  of Suhubi and Eringen 
[2, eqs. 3.1, 3.2,  3.41  by 
1J 
where an indicia1 comma denotes a first p a r t i a l  d e r i v a t i v e  w i t h  r e s p e c t  
t o  the  coord ina te s  x represented by the l a t i n  index following it. i 
For the case of s t r u c t u r a l  i s o t r o p y ,  
J r i j  = J 'Si j ,  (19) 
where 6 is  the  Kronecker   del ta ,  a condi t ion   va l id   for   micro- inc lus ions  
n e a r l y  s p h e r i c a l  i n  s h a p e ,  t h e  s t r a i n  e n e r g y  d e n s i t y  o f  c h e  p a r t i c u l a t e  
composite material given by equat ion (15) r educes  to  
i j  
+ 2k1f3'[y X'e. . E . .  + (p' + o ' ) e . . ~ ,  . I  1 
11 J J  1J J 1  
f k 12 B 1 [T 1 X ' E ~ ~ E ~ ~  + v 'g i jg i j  + a ' €  i j  E j i  
5 
When each micro-inclusion occupies about the same volume v ' ,  B '  can 
approximately be replaced by rl'. In view of  the condi t ion (19) ,  i t  is 
f u r t h e r  n o t e d  t h a t  R' is the  " rad ius  of gyrat ion" of  the volume occupied 
by one such micro-inclusion about any centroidal axis and, therefore,  
the only s t ructural  parameter  which survives;  it has the dimension of 
length.  
Comparing our  expression (20) wi th  tha t  g iven  by Suhubi and Eringen 
[2, eq. 4.201, the  fo l lowing  ident i t ies  be tween the  material cons t an t s  
o f  t h e i r  linear, i s o t r o p i c  m i c r o - e l a s t i c  s o l i d  and those of an isotropic 
par t icu la te  composi te  material, r e spec t ive ly ,  are obtained 
T,- - r2 = T~ = T~ = T~ - - '8 = T 9  = Tll = 0. 
It is  concluded that ,  the  foregoing procedure al lows a p a r t i c u l a r  
c l a s s i f i c a t i o n  o f  t h e  material cons tan ts  appear ing  in  the  express ion  for  
t h e  s t r a i n  e n e r g y  d e n s i t y  of t he  theo ry  of Eringen and Suhubi [1,2] 
a c c o r d i n g  t o  t h e i r  o r d e r  of magnitude i n  k', whi le  s imul taneous ly  re la t ing  
them t o  t h e  p r o p e r t i e s  of the const i tuents  of  the composi te  material 
under consideration. As a r e s u l t ,  A and p, fo r  i n s t ance  can  be  in t e rp re t ed  
as t h e  e f f e c t i v e  Lam; cons t an t s  of an  i so t rop ic  pa r t i cu la t e  compos i t e  
material, t o  t h e  l o w e s t  o r d e r  i n  k'. 
I n  what follows, a similar procedure is adopted i n  t h e  e v a l u a t i o n  
of t h e  k i n e t i c  e n e r g y  d e n s i t y .  
6 
2. The Kinetic  Energy 
For the composite material under  cons idera t ion ,  the  ve loc i ty  v 
i 
a t  a poin t  in  the  micro- inc lus ion  cx is taken as 
where 
a' is a small, constant parameter, and a superposed dot denotes a first 
par t ia l  de r iva t ive  wi th  r e spec t  t o  t h e  time. 
The k ine t ic  energy  dens i ty  k for  the  micro- inc lus ion  cx is  taken 
as 
where p '  denotes   the  mass dens i ty   o f   the   inc lus ion  material. The t o t a l  
k ine t ic  energy  T f o r  the micro- inclusion OL is then 
where  and K are func t ions  of Ci, J i j  , p '  k'  and a' , and t h e  
reappearance of J' is noted. 
i j  
i j  
The t o t a l  k i n e t i c  e n e r g y  T' due t o  t h e  i n c l u s i o n  material is 
n 






T = v '&+ J' K . 
i j  i j  
For  the material sur rounding  the  micro- inc lus ions ,  the  k ine t ic  
energy densi ty  K is taken as 
where  denotes  the mass d e n s i t y  of t h e  material. The t o t a l  k i n e t i c  
energy T due t o   t h i s  material is then 
4 
4 -  
T = B/ Kdv . 
B 
Summing t h e  c o n t r i b u t i o n s  of t h e  i n c l u s i o n  and surrounding materials, 
t h e  t o t a l  k i n e t i c  e n e r g y  of the composite body is  w r i t t e n  as 
T' + T = j  e d v ,  
B 
where i s  the   k ine t i c   ene rgy   dens i ty  of the  composite material 
determined from 
= a' (v 'K + J' K .  ;) + FK , 
i j  IJ 
with 




and K given by equat ion (31). 
8 
For t h e  case when the  condi t ion  (19) holds ,  the kinetic energy 
dens i ty  of t he  pa r t i cu la t e  compos i t e  material given by equation (35) 
reduces  to  
1 " . .  1 e .  e= (kr2f3'p' + f3 p)uiui + 7 a'2f3'fi'2P'$ij$ij 
where the reappearance of 2' is noted. 
Comparing our expression (37) with that  underlying Suhubi  and 
Eringen's equations of motion  [2,  eqs. 5.11, 5 .121,  the.fol lowing 
i d e n t i t i e s  between the remaining material c o n s t a n t s  o f  t h e i r  l i n e a r ,  
i so t rop ic  mic ro -e l a s t i c  so l id  and  those  o f  an  i so t rop ic  pa r t i cu la t e  
composite material, r e spec t ive ly ,  are obtained. 
(37) 
The remainder of our results are f o r  a n  i s o t r o p i c  p a r t i c u l a t e  
composite material. 
3. The Propagation  of  Longitudinal Waves 
The lagrangian densi ty  of  the composi te  material under consideration, 
from which equations of motion could be obtained, can be evaluated from 
the expressions (20) and  (37 )  . fo r  t he  s t r a in  and  k ine t i c  ene rgy  dens i t i e s ,  
r e spec t ive ly .  The equat ions of motion, i n  t e r m s  of the kinematical  
v a r i a b l e s  u $ij ,   and  of   the  appropriate  material constants ,   have,  
however, already  been  given  by  Suhubi  and  Eringen  [2,  eqs. 5.11, 5.121. I n  
view of t h e  i d e n t i t i e s  ( 2 2 )  and (38) these  equat ions  can now be  employed to 
studv the propagat ion of waves i n  a par t icu la te  composi te  material. 
i' 
Consider ing the propagat ion of plane, harmonic waves, the kinematical 
v a r i a b l e s  can be  t aken  to  va ry  as exp [i(Sx u t )  1 ,  in  which 5 is  t h e  wave 
number and w is  the natural  angular  f requency.  Then,  by s e t t i n g  
. 1- 
9 
in  the corresponding equat ions governing the propagat ion of  longi tudinal  
waves i n  a par t icu la te  composi te  material, t he  fo l lowing  r e l a t ion  
i s  obtained, where 
6, and w1 are r e s p e c t i v e l y  t h e  wave number and the  na tu ra l  angu la r  
f requency  of  the  longi tudina l  waves , and c'  and c are t h e  v e l o c i t i e s  
at which l o n g i t u d i n a l  waves p r o p a g a t e  i n  t h e  i n c l u s i o n  and surrounding 
materials, r e s p e c t i v e l y ,  t h e  r a t i o  of which is a dimensionless  physical  
parameter c It is  of i n t e r e s t   t o   n o t e   t h a t   t h e   c o n s t a n t  u '  introduced 
i n  e q u a t i o n  ( 3 )  does not appear by i t se l f  i n  t h e  f i n a l  r e s u l t ,  and t h a t ,  
i n  the  absence  of e i t h e r  t h e  i n c l u s i o n  ( E ' ,  B '  -f 0) o r  the surrounding 
material (F + 0) , equat ion  (40)  y ie lds  a classical d i s p e r s i o n  r e l a t i o n  
1 1 
1' 
between w and el2 1 
L e t t i n g  
for  the  remain ing  material. 
I 
where B2 is c l e a r l y  another dimensionless physical  parameter,  equation 
(40)  can  be  r ewr i t t en  as 
**4 - *.k2 **2 w 1 2 + (1 + c12 + B2c12) 5, l w l  
10 
t he  so lu t ion  o f  which, 
**2 
w 1 11, 12 = - 2 [c12 + (1 + c12 + B2c12) 5 1 **2] (1 [l 
4c12 [l + (1 + B2c12) 51**2]51**2 1 / 2  - 1 1 ,  
[c12 + (1 + c12 + B 2. c1 2 ) c  1 **2]2 
(44) 
an  expl ic i t  d i spers ion  re la t ion  be tween the  d imens ionless  var iab les  
w *h2 and *a2 , is  shovm i n  f i g u r e  1 f o r  two r e p r e s e n t a t i v e  p a i r s  of 
va lues  of c and B2. The la t ter  are the   on ly   pa rame te r s   exp l i c i t l y  
appearing i n  equat ion ( 4 3 )  a f t e r  t h e  s t r u c t u r a l  p a r a m e t e r  R' is 
absorbed into w **2 and From t h e   d e f i n i t i o n s  (41)  and  (42) , 
i t  is seen  tha t  B2c rep resen t s  t he  p roduc t  o f  t he  r a t io  o f  t he  phase  
volume f r a c t i o n s  B ' / B ,  with B '  = TI', and t h a t  o f  t h e  c h a r a c t e r i s t i c  
mechanical  impedances p ' c ' /; Fly f o r  l o n g i t u d i n a l  waves, o f  t he  inc lus ion  
and  surrounding materials. In terms of t h i s  q u a n t i t y ,  e f f e c t i v e  r e f l e c t i o n  
and  t ransmiss ion  coef f ic ien ts  can  be  def ined ,  when necessa ry ,  fo r  t he  






I n  f i g u r e  1, the  cu rves  l abe l l ed  1 and 3 represent  the  lowes t ,  
**2 
fundamental mode w f o r  c = 0.4, B2 = 0.4,  and c = 2, B2 = 0.5, 
respec t ive ly .  The curves  labe l led  2 and 4 represent  the  next  h igher  
mode w 12 f o r   t h e  same pairs of  values  of c B 2 ,  respec t ive ly .  
For 5, = 0 , t h e  l a t te r  mode y i e l d s  
11 1 1 
*e2 
1 '  * .k 
independently from B2; t h e   r a t i o  'e, ' / % I  is the corresponding 
cutoff  requency. The l i n e s  
11 
angular  
t h e   f i r s t  of which is shown i n  f i g u r e  1, are  the asymptotes of t h e  
d i spe r s ion  cu rves  fo r  B2 -f 0. T h e s e  l i n e s  i n t e r s e c t  i n  t h e  f i r s t  q u a d r a n t  
of t h e  u1*ft2, p l a n e   f o r  c e 1. For B2 + -, t he   cu rve   r ep resen t ing  
the fundamental  mode t e n d s  t o  t h e  l i n e  
1 
0 **2 = 25 **2 1 1 1  ' (47) 
The first of the  l ines  g iven  by  equat ions  (46)  is a lso  genera ted  by 
t h i s  c u r v e  f o r  c = 1 , independently  from B2. 1 
From the f i r s t  of equations (46) and equation (47) , i t  is concluded 
t h a t  t h e  d i s p e r s i o n  r e l a t i o n  e x p r e s s e d  by equat ion  (44)  exhib i t s  the  type  
o f  l imi t ing  behav io r  t ha t  i s  appropr i a t e ,  namely,  an absence of dispersion, 
f o r   t h e   p a r t i c u l a r   v a l u e s   o f   t h e   p a r a m e t e r s  c and B2 considered.  This 
observa t ion  a l so  holds  for the remainder of o u r  r e s u l t s .  
1 
Since 
2*v1 ** 2 R R '  dVl 
1 x, , 51 = -  , u1 = v1 - x, x1 dX, , (JJ = -  
where V is the phase  ve loc i ty ,  U is  the  group ve loc i ty ,  and X1 is t h e  
wavelength  of  the  longi tudina l  waves propagat ing  through the  par t icu la te  
composite material, i t  follows from equation (44) that 
1 1 
(f2- 9 f 3  
fl 1 /2  (flf4> t f 4  
1 
1 (u1/v1>1,2 = 1 - (-1 k 1 3  (49) 
where 
fl 3 1 + (1 + 82 + ,5, , f = (-) [l + (1 + 82c12) 5, 
3 c  2 
1 **2 1 
c 2  1 fl **21 ' (50) 4 **2 f = -  Y f 4  E f l  - f 2 f 3  
1 
12 
The d imens ion le s s  r a t io  o f  g roup  ve loc i ty  to  phase  ve loc i ty  
expressed by equation (49) as a funct ion of  El**2 i s  shown i n  f i g u r e  2 
f o r  t h e  same p a i r s  of va lues  of the  parameters  c and B2 as i n  f i g u r e  1. 
The cu rves  l abe l l ed  1, 3 and 2, 4 correspond to  the  fundamenta l  mode 
(U  /V ) and t o  t h e  n e x t  h i g h e r  mode (U1/V1)2, r e spec t ive ly .  The l i n e  
1 
1 1 1  
shotm i n  f i g u r e  2, i s  generated by the curve corresponding to  the 
fundamental mode f o r  c = 1. 1 
In  gene ra l ,  the r a t i o  of group velocity U t o  p h a s e  v e l o c i t y  V is 
a cha rac t e r i s t i c  p rope r ty  o f  a dispersive dynamical system. It i n d i c a t e s  
t h e  relative ease with which energy can be  t ranspor ted  through the  sys tem 
by t r a v e l i n g  waves. For  instance,  i f  dV/dX, i n  which X is the wavelength,  
is negat ive,  then U/V > 1 and the  sys t em exh ib i t s  t he  type  o f  d i spe r s ion  
which renders  the t ransport  of  energy more d i f f i c u l t ,  w i t h  t h e  l o n g e r  
waves t r ave l ing  s lower  than  the  sho r t e r  waves. The reverse holds  when 
dV/dX is  p o s i t i v e ,  i n  which case, U/V < 1. For a 
is independent  of X and U/V = 1. There fo re ,  t h i s  
a measure of dispersion. 
I n  o u r  p a r t i c u l a r  case, (U /V ) > 1 f o r  c1 2 
< 1, and (U /V ) = 1 f o r  c = 1, excep t   fo r  
of El**2 = 0 and E * A 2  -f m f o r  which (U /V ) = 1 
This  suggests  a simple scheme, based s o l e l y  
parameter c 2 ,  according to which the fundamental  
1 1 1  
c1 1 1 1  1 
1 1 1 1  
c1 
1 
nondispersive system, 'V 
ra t io  can  be  adop ted  as 
> 1, (U1/V1) < 1 f o r  
t h e   l i m i t i n g   v a l u e s  
independently from 
on the magnitude of  the 
modes o f  l ong i tud ina l  
motion of  par t iculate  composi te  materials c a n  b e  c l a s s i f i e d .  
4. A Spec ia l  Case 
Mindlin [3, eq. 9.311 has derived a low frequency, very long 
wavelength approximation to his higher order continuum theory. The 
cor responding  vers ion  of  th i s  approximat ion  for  a par t icu la te  composi te  
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material, obtained by employing the correlation between the theory of 
Eringen and Suhubi [1,2].and that of M n d l i n  [3] e s t ab l i shed  by Eringen 
[5, sec. 9 .c ) ] ,  toge ther  wi th  the  opera t ion  (391 ,  leads  to  the  fo l lowing  
e x p l i c i t  d i s p e r s i o n  r e l a t i o n  f o r  p l a n e ,  h a r m o n i c ,  l o n g i t u d i n a l  waves 
I 
where 
1 + E1*2 
I 
The absence of a h ighe r  mode is  to  be  expec ted .  It is  no ted  tha t  c1 
is  now the  only  d imens ionless  phys ica l  parameter  expl ic i t ly  appear ing  
in  equat ion  (52)  a f te r  bo th  parameters  R' and B2 are absorbed  in to  the  
new dimens ionless  var iab les  w *' and 5 *2. 1 1 
For t h i s  case, 
(1 - c,2)E,*2 
and  by  se t t ing  
a ( u p 1 )  = 0 , 
(55) 
it fo l lows  t h a t  t h e  extremum of U /V is given by 1 1  
The d ispers ion  re la t ion  be tween o * and 5 * expressed  by 1 1 
equation (52) i s  shown i n  f i g u r e  3 f o r  a range of values of the parameter 
C12. 
14 
The d imens ionless  ra t io  of  group ve loc i ty  to  phase  ve loc i ty  
expressed  by  equation (54 )  as a function  of i s  shovm i n   f i g u r e  4 
f o r  t h e  same values  of the parameter c as i n  f i g u r e  3,  and f o r  c 3 OD. 1 1 
Fina l ly ,  the  inf luence  of  the  parameter  c on  the  extremum of t h e  1 
r a t i o  of  group ve loc i ty  to  phase  ve loc i ty  egpressed  by  equat ions  (56) 
is shotm i n  f i g u r e  5. 
These  resu l t s  lend  fur ther  suppor t  t o  the concluding remarks of 
the  preceding  sec t ion .  
15 
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Figure 1. The dispersion relation based on equation ( 4 4 ) .  The 
curves  labklled 1, 2 and 3, 4 are for values of 
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The ratio of group  velocity  to phase  velocity based on 
equation ( 4 9 ) .  The curves  labelled 1, 2 and 3, 4 are 
for  values of c12 = 0.4, B2 = 0.4,  and  c12 = 2, 
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Figure 3. The  dispersion  relation based on equation (52). The 
curves  labelled 1 to 6 are for values of c = 0, 
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FiEure 4 .  The ratio of  group velocity to phase velocity based on 
equation ( 5 4 ) .  The curves labelled 1 to 7 are for values 
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Figure 5. The influence of c on the extremum of  the rat io  of  group 
1 
veloci ty  t o  phase velocity based on equations (56). 
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